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Abstract 

Using complexified octonions, a formalism seemingly capable of describing the cou- 
pling of spinors to the electroweak force without projection operators is presented. 

1 Introduction 

The weak interaction violates parity maximally, coupling exclusively to the left-handed 
components of Dirac four-spinors. In the standard model of particle physics, this fact of 
Nature is mathematically modelled by putting in by hand projection operators, | (1 rfc 75), 
leaving entirely unaddressed the question as to whether there might exist some underlying 
physical or mathematical mechanism that might explain this fact. 

This paper will present a formalism seemingly capable of describing the coupling of 
spinors to the electroweak force without projection operators. The formalism will not be 
given in the domain of (associative) matrix calculus, a class to which the Dirac formalism 
and, indeed, the entire standard model of particle physics belong; rather, it will be given 
in the domain of (non- associative) complexified octonions. 

2 Notation 

• The sets of real numbers, complex numbers, quaternions, and octonions, respectively, 
are denoted R, C, H, and O, as customarily. 

• The set of complexified octonions is denoted C&Q. Complex numbers and octonions 
are assumed to commute, i.e., C ® O = O <g> C. 
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• The real- and imaginary parts of C are denoted Re (C) = K and Im (C) = iM, 
respectively, as customarily. 

• For any set C®§CC®0, usual complex conjugation acts as C ® S — > C* ® S, and 
usual octonionic conjugation [1] |2] acts as C ® S — > C ® S. In conjunction, these two 
conjugations may be used to write C ® S = (C ® S) + U (C (g> S)~, where 

(C (8) S) ± = {x G C ® § \x* = ±x } . 

• For any set C®S C C®0, the scalar- and vector parts of C®S, denoted Seal (C ® S) 
and Vec (C ® S) , respectively, are defined as 

Seal (COS) = {x G C®S \x = +x} = C® Seal (S) , 
Vec (COS) = {x GCoS|S= -a?} = CoVec(S), 

so that x = Seal (x) + Vec (x), for any x G C <8> O. 

• The inner product, or scalar product, (•, •) : (C (g> O) 2 — > C is defined as Eq. (5)] 

2 (x, y) = xy + yx = xy + yx. 
Note that (x, y) = (y,x) and (x,y) = (x, y). 

• The associator [•,-,-]: (C ® O) 3 -»• C is defined as [3, Eq. (12)] 

[x,y,z] = (xy) z - x(yz) . 

• Let C®A = COH (with the choice of name referring to Associative) denote a specific, 
but otherwise arbitrary, embedding (of which there are numerous [1]) of C ® EI into 
C ® O, and let C ® B = (C ® O) \ (C ® A) denote its non-associative complement. 

• Spacetime is assumed globally Minkowskian, with metric r]^ v = [diag (— 1, 1, 1, 1)] 
and parametrized by Cartesian coordinates x^. 

• A Lorentz invariant basis (over C) for C ® A is taken to be e^ = (i,ei,e2,e3) G 
(C ® A) - [note Roman typed letters], where i is the standard complex imaginary unit, 
and ej G Vec (A) are the imaginary quaternion units obeying eiej = —5ij + £ij k ek, 
where is the Levi-Civita pseudo-tensor with £123 = +1. Note that e* = — e M and 
that (e M ,e^) = n^. 

• Let M n (D) denote the set of n-dimensional square matrices over some associative 
domain ID. 
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3 Lorentz transformations 

Define S^ u € C <g) Vec (A) and € M4 (iR) , respectively, by 

+ HS^ = e^e u - e v &n 4^ (1) 
^^uk — s^e^ c^e^, (2) 

using for the bi- implication the property e* = — e^; and 

i(V^,) p CT = 5Pj] V(T - b p v r}^. 

As is well-known, V^ u are the generators of the vector representation of the Lorentz group. 
Lemma Q] establishes that are the generators of one of the two spinor representations 
of the Lorentz group; the other spinor representation is generated by —S^ v . By exponen- 
tiation, Lemma [2] implies that 

A^A 5 = (Ay) p CT e CT , (3) 
where A5 GC®A and Ay € M4 (R), respectively, are defined by 

Av = eKpf—d^V^Y 

with W = € M. 

Remark 1 Eq. ([3]) is the analogue of the relation Ky^y^Kx/z = (Ay) M ^7^ in the standard 
Dirac formalism [H Eq. (3.29)], where As = exp (— ^O^a^) and 41(7^ = [7^,7^], with 
7 /t being the standard flat spacetime Dirac gamma matrices. There is a difference, though: 
A* s does only equal A^ 1 for spatial rotations; for pure boosts, for instance, it equals Ag 
itself. 

Consider spinor fields a = a (x) € C <8> A and /3 = /3 (x) £ C <g> B transforming under 
Lorentz transformations as (suppressing the Lorentz transformation of the arguments) 



a = Asa, (4) 
& = A* 5 /3 = /3A£, (5) 

using Eq. (fT4j) . These transformations are compatible, as they should be, with group 
composition (from the left): a" = A2 (A±a) = A^a and (3" = A2 (A^/3j = A 3 /3, where 



A3 = A2A1 [suppressing here the S in As]- The relation for a follows by associativity, as 
all quantities belong to C ® A; the relation for f3 follows from Eq. (I15p . 
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Remark 2 Note that the representation in which (3 transforms, Eq. ([5]), exists due to 
the nonassociative identity (aa') b = a' (ab), Eq. (|15p . and thus cannoi correspond to any 
representation encountered in usual associative formalisms. 

Proposition 1 The quantities {a*,e p d p a) and (f3*,e p d p (3) are separately globally Lorentz 
invariant. 



Proof: Due to associativity, all quantities belonging to C <%> A, the calculation for 
(a*,e p d p a) is straightforward: 



(a*, e p d p a)' 



(A^)%((A 5 a)*,e^(A 5 a)) 
= (A v 1 ) a p (A s a*,e p A s d a a) 
= (Ay 1 )* P (a*X s e p A s d a a 

= (Ay 1 )" p (A v ) p T (a*,e T d a a) 
= (a* ,e p d p a) , 

using Eqs. © and ([9]). Due to nonassociativity, the calculation for (f3*,e p d p f3) requires a 
bit more care: 



(P*,e p d p P)' = (A- 1 )* p ((AsP) .-'u,(a;,,; 



(A v i y p (A s (3*,(Ase p )d^ 



(A- 1 )%(/3*,A s [(a^)9 ct /?]) 
(Ay x ) a p l K P\(T s e p A s )d (T P 

(Ay l Y p (A v ) p T {F,iTd p) 
W*,e p d p fJ), 



using Eqs. 
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4 Gauge transformations 

An interesting question is whether the Lorentz invariant quantities (a* ,e p d p a) and e p d p {3), 
as considered in Proposition [TJ possess some local gauge freedom. 

Turning attention first to a, consider a gauge transformation of the form a' = aU^ 1 , 
where U = exp (u) € C<S>A (note exponentiation of u G C(S>A). This gauge transformation is 
compatible with group composition (from the left) in the sense that a" = (aU^ 1 ) U^ 1 = 
aU^ 1 , where U3 = U2U1; and it commutes with the Lorentz transformation a' = Asa 
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(different primes not to be confused) due to associativity, = [As, a>,U x ] = (Asa) U 1 — 
As (all -1 ), thus respecting the Coleman-Mandula theorem Sect. 24. B]. 

Proposition 2 The quantity (a* ,e p d p a) is invariant under the global gauge transforma- 
tion a' = aU^ 1 , if and only if U = U . 

Proof: Due to associativity, all quantities belonging to C <X> A, the calculation is straight- 
forward: 



(a*,e p d p a)' = ((c^ 1 )* ,e p d p (at/" 1 

= (a* (U*)- 1 ,e p (dp^U-A 

f a*,e p (d p a) U' 1 (t7*) 



a ,e p {d p a)(U*U~ 

using Eq. (jlOp . Invariance requires U"U = 1. ■ 
As U = exp (u) € C ® A, the condition U = U^ 1 is equivalent to u* = —u u E 
(C<g>A)~. As (C<g>A)~ is isomorphic to the Lie algebra su (2) ©u(l), the gauge trans- 
formation a' = all -1 = aexp(— u) therefore corresponds to a global SU(2) x U(l) gauge 
symmetry of {a* ,e p d p a) . In order to lift this global symmetry to a local one, introduce an 
SU (2) x U (1) gauge connection W p £ (C <S> A) - transforming standardly as 

W' p = UWpU- 1 - (d p u) u- 1 (6) 

under local SU (2) x U (1) gauge transformations. 

Proposition 3 The SU (2) x U(l) covariant derivative of a is given by 

D p a = d p a — aW p . (7) 

Proof: Due to associativity, all quantities belonging to C <8> A, the calculation is straight- 
forward: 

(D p a)' = d p (aU' 1 ) - (aU- 1 ) [UWpU^ 1 - (d p U) U' 1 } 
= {d p a) U~ l + a {dpi/' 1 ) - a (WpU^ 1 + dpU' 1 ) 
= (d p a) U' 1 - aWpU- 1 
= (Dpa)U-\ 

using dpU' 1 = -U~ l {d p U) U~ l . m 
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Due to this Proposition, the quantity (a*,e p D p a) is locally SU (2) x U (1) invariant for 
the very same reason that (a* ,e p d p a) is globally SU(2) x U(l) invariant, as previously 
proved. 

Turning attention next to /?, an interesting question is how it can be coupled to the 
gauge field W p just introduced in connection with a. 

Proposition 4 The most general SU (2) x U(l) covariant derivative of (3 is given by 

D p p = d p P+ r -{f3W p + W p P) 
= d p f3 + ^((3W p + (3W p ) 

= <9 p /3 + r/3Scal (W p ) , (8) 

where r € R. All three expressions are equivalent due to Eq. fli^[ ) and the identity 
2Scal (x) = x + x. 

Proof: Let D p = d p f3 + V„ (/3). The most general V p (/3) is given by a linear combination 
over R of the eight possible terms 

(3W p ,f3W* p ,f3W p ,pW* p , 

w p (3,w;p,w p (3,w* p p. 



Due to the identity ab = ba, Eq. (jMj) . and the property W ' = —W p , following from 
W p € (C ® A)~, such a linear combination can be rewritten as V p (/?) = r\W p f3 + r20W p , 
where r\,r<2 £ R. Under (global) Lorentz transformations, this expression transforms as 



[V P (0)]' 



nWATsP) + T2 ( Ac/3 ) Wa 



(A 



V 



nW^A^j +r 2 (/3A£)W ( 
n (A^ CT ) /3 + r 2 /3 (W ff A£ 
r a (A^ CT ) p + r 2 (a~sF ct ) /3 
a; (r^ + r^)] /3, 



using Eqs. (|14j) and (|15j) - (|16|) . For Dp/3 to transform under global Lorentz transformations 
as (Dp/3)' = (Ay 1 ) p A s (D a f3), as it should, the following condition must thus hold: 

[V p (/9)]' = (A-y.AX^) 

= (A-^^A^h^ + ^W 
= (A-^^A^^^ + r^)^], 
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using Eq. (fTi|) . The two expressions for [V p (/?)] can only agree if 



A 5 [nW a + r 2 W a 



P-T s [( ri W a + r2W a ) 0\ 



i.e., if the three quantities in question associate. For general (3 and As, this is only possible 
if 

C 3 nW a + r 2 W a 

= n [Seal (W p ) + Vec (W p )] + r 2 [Seal (W p ) - Vec (W p )) 
= (n + r 2 ) Seal (W p ) + (n - r 2 ) Vec (W p ) , 

which implies ri = r 2 = r/2, thus concluding the proof. ■ 

To wrap up matters nicely, the transformation of (3 under local SU (2) x U(l) gauge 
transformations, or, effectively, local U(l) gauge transformations, is now given. 

Proposition 5 The U (1) local gauge transformation of f3 corresponding to Eq. (0j is 
given by 

(3 = f3 exp (rScal (u)) , 
where u, of course, is the parameter entering into the definition U = exp (u) . 



Proof: Due to associativity, all quantities belonging to 
forward: 



) A, the calculation is straight- 



d p [/3exp (rScal (u))] + r [/3exp (rScal («))] Seal (W' p ) 
= [d p l3 + /3rScal (d p u) + r/3Scal (W' p )] exp (rScal (n)) 
= [d p /3 + r/3Scal [W' p + d p u) } exp (rScal (u) ) 
= [d p P + r/3Scal (W p )} exp (r Seal (n) ) 
= (Dp/3) exp (rScal (u)) , 

using Lemma HI and the fact that exp (r Seal (n)) 6 C and Seal (H 7 ^) £ iM commute and 
associate with anything. ■ 

Note that exp (rScal (n)) G C, as introduced in this Proposition, is indeed a U (1) phase, 
as the following calculation shows: 



exp (rScal (u)Y 



exp (rScal (u*)) 
exp (rScal (—u)) 
exp (rScal (— u)) 
exp (— rScal (u)) 
exp (rScal (u))~ 
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using u* = —u. Thus the quantity ((3* ,e p D p (3) is locally U(l) invariant. 

5 Conclusion 

As Seal (W p ) G iR, because W p € (C <g> A) - =itU Vec (A), Propositions H and E] say that 
/3, unlike a, can couple only to the U (1) part of the SU (2) x U (1) gauge connection W p . 

It is therefore tempting to assign to a left-handed SU (2) doublets, and to f3 right- 
handed SU (2) singlets. For /3, though, this is not quite satisfactory as /3 possesses four 
(complex) degrees of freedom (as does a), whereas an SU (2) singlet possesses only two 
(complex) degrees of freedom: it seems that some truncation of the degrees of freedom of 
(3 is required; note, however, that this truncation cannot possibly be performed by some 
projection operator, as in the present formalism the analogue of 75 = — \^^ 1 ^ 2 ^ in the 
Dirac formalism seems trivial due to the relation — ie°e 1 e 2 e 3 = 1. 

Thus, the formalism here presented, crucially depending on nonassociativity, as pre- 
viously noted in Remark [2j seems capable of describing the coupling of spinors to the 
electroweak force without projection operators | (1 rfc 7 5 ). 

6 Auxiliary material, I: Lorentz transformations 

Lemma 1 The quantities S pu , Eq. ([7]), obey the Lorentz algebra, 

~ i [S(j,v, Sp a ] = r\ppS va — r\p a S V p — f] V pSp a + rj u<T Spp. 

Proof: By a calculation completely analogous to the proof that — j [7^,7^] in the stan- 
dard Dirac formalism obey the Lorentz algebra, using here e^eV+e^e^ = e^e^+e^e^ = 2rj- 



^p^l/^p^CF &fj, i^Vup 


~ 6p6j/) e CT 






= ^Vup e p e cr 


— ^ r lua e P e p {^pp ~ e P e p) e <r e i/ 


= 2Vl/p e p e cr 


— ^lua^P^p + ^Vpp^cr^u ~ 6p (^Vpa ~ 


.6/^6^, epe<j] — IrjjjpQpQfj 





from which it follows that 

16 \Sp U , Sp^ — [cpS^, epe<j] epe,j] [6p6j,, e CT ep] -|- [e^e^, eo-ep] 

= i^Vvp^p^a ~ ^Vi/a^P^p + 2?7 'ppQa^u ~ pa^p^v) 

~ (^Vpp^v^cr ~ 2 r ]pa e i' e P + ^Vup^cr^p ~ ^ua^P^p) 
~ {^Vua^P^p ~ ^Vup^p^cr + po^p^v ~ ^T] 'pp^a^u) 
K^lpa^v^p ~ ^Ipp^v^a + ^Vva^p^p ~ ^Vvp^u^p) 

= ^Ivp 0/^ - e a ep) - 4rj uo . (e M e p - e p e M ) 

~^~^T]pp (60-6V G^Gct) ^Vpa (^pSy S^Cp) , 
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from which the result readily follows. 

Lemma 2 The following identity holds: 

Sl v eP + ePS^ = {V^y a ?f. 

Proof: By direct calculation, using e^e^ + e^e^ = e^e^ + e^e^ = 

e^e" = e„ {25? - e p e u ) 

— 25^e^ e^e^e^ 

= 2<5£e M -(2<5£-e%)e i , 

= 2(5 'fen 25fe u + e^e^e^, 

from which it follows that 

-4iS^ = {25 fen - 25fe v + e^e.) - {25 fe, - 25 fen + e^e^) 
= ^fen ~ 4<5£ej, + e p (e^ - e^) 
= 45fen-45 p e u + 4ie p Snu, 

from which it follows that 

S; u e p + e p Snu = -i {S p e u - SfeJ 



-i{5 p Vua -5fe^)r 
= {Vnv) p o<?. 



7 Auxiliary material, II: Gauge transformations 

Lemma 3 Let U = exp {u), where u <G C ® A. Then, 

(i,{d p u) u- 1 ) = (i,d pU ). 
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Proof: By direct calculation: 

(i,(d p u)u-i) = EE^( 1 .M« n ) 

m=0 n=0 
co 00 m-1 -i / -i\n , 

- E EE i? ^"(l [»'(«-.»)»"•"' 

m=ln=0 Z=0 
co co m— 1 1 , ^yn 

- EEE^(m'(m»— 

m=ln=0 Z=0 
co co m— 1 -. / 1 n n 

m=ln=0 1=0 

CO CO / 1 nji 

= EE^Mm^" 1 ^^) 

^— ' ^— ' ml n! x ^ 7 

m=l n=0 
co co 1 , 1 N n 

^ ^ m! n! ^ 

rrt=0 n=0 

= (u(u)~\d pU ) 

= (l,d p u), 

using Eqs. (fTTj) and (fT2|) . and associativity (all quantities belonging to C <g) A). 
Lemma 4 Let fre given by Eq. (0|j. Then, 

Seal (Wp - W p ) = -Seal (d p u) . 
Proof: By direct calculation: 

Seal (W' p ) = (1, UW P U- 1 - (d p U) U' 1 ) 

= {l^UWpU- 1 ) - {l,{d p U)U^) 

= (V^y 1 ^-{l^dpU)^ 1 ) 

= (l,Wp)-(l,d p u) 

= (i,w p -d pU ) 

= Seal (Wp - dpu) , 
using Eqs. ([TT]) and (fT2j) . and Lemma [3j 

8 Auxiliary material, III: Octonionic identities 

The complexified octonions belong to a class of algebras called composition algebras. 



10 



8.1 General identities 

Lemma 5 (Ref. [2]) The following identities hold for any composition algebra: 

(xy,z) = (y,xz), (9) 

(xy,z) = (x,zy), (10) 

(z,xy) = (xz,y), (11) 

(z,xy) = (zy,x). (12) 

Even though these four expressions are pairwise related by way of the identity (x, y) = (y, x), 
they have all been listed for presentational clarity. 

Lemma 6 ([7J Lemma 1.2]) For any x, y, z G C ® O, the following identity holds: 

x (yz) + y (xz) = 2 (x, y) z. (13) 

8.2 A - B identities 

The Cayley-Dickson construction |4 S Sec. 2.2], makes it clear that O is a Z2-grading over 
EI (just as EI is a ^-grading over C which, in turn, is a Z2-grading over M). 

Lemma 7 (The A — B Lemma) Let A = H and IB = O \ A in conjunction be a 7,2- 
grading ofO. Then, 

A • A = A, 
A • B = B, 
B • A = B, 
B-B = A, 

where X-Y = {xy \x £ X, y G Y}. By complexification, the very same holds true, of course, 
for C <S> A ^ C (g) EI and C <g> B = (C ® O) \ (C <g> A). 

Lemma 8 For any a € C ® A and any 6 G C ® B, i/ie following identity holds: 

ab = ba. (14) 

Proof: Follows immediately from = 2 (a, 6) = ab + ba = —ab + ba. ■ 

Lemma 9 For any a, a' G C (g> A and any 6 G C (8> B, the following identities hold (note 
the reversal of the order of a and a'): 

(aa')b = a'(ab), (15) 
b(a'a) = (ba) a'. (16) 
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Proof: The two identities are related by octonionic conjugation and subsequent renaming 
(a,a',b) — > (a,a',b); therefore only the first one will be proved. By taking (x,y,z) = 
(a' , b,a) in Eq. (I13jl . and using b = —b and Eq. (I14p . it follows that 

= 2 (a', b)a = a (ba) + b (of a) = -a (ab) + (aa') b. 



Lemma 10 For any a £ C ® A and any b,b' € C <S> M, the following identities hold (note 
the non-reversal of the order of b and b' ): 

(bb')a = {ab)b\ (17) 
a(b'b) = b'iba). (18) 

Proof: The two identities are related by octonionic conjugation and subsequent renaming 
^a, b, b ^ — > (a,b,b'); therefore only the first one will be proved. By taking (x,y,z) = 
(a, b, b') in Eq. (fT3|h and using b = —b and Eq. (fTl|) . it follows that 

= 2 (a, b) b' = a (W) + b (ab') = -a (bb 1 ) + b (b'a) . 

m 

Lemma 11 For any a, a' € C(g> A and any b,b' £ C®M, the following identity holds (note 
the reversal of the order of a and a'): 

(ab) (b'a') = a' (bb') a. (19) 

Proof: By direct calculation using Eqs. (fT71) - (fT8l) : 

(ab)(b'a') = [b (b'a')] a 
= [a'(bb')]a 
= a (bb') a, 

where the last equality holds because bb' £ C <S) A, due to Lemma El so that the relevant 
quantities associate, [a, a', bb'] =0. ■ 
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